Introduction
Scorer functions are particular solutions of the non-homogeneous Airy differential equation. Detailed information on these functions can be found in [1] and in references given in [2] . We summarize the properties that are needed in this paper.
We have for z ∈ IR Other relations that we need are (see [2] and [3] π − δ, (1.9)
δ being an arbitrary positive constant. These expansions follow from (1.1) and (1.2) and by using standard methods from asymptotics (Watson's lemma; see [4] , page 112 and page 431).
2. Qualitative properties of the real zeros of Gi(z) and Gi (z) From (1.2) we see that Hi(z) > 0 and Hi (z) > 0 for real finite z. However, Gi(z) and Gi (z) have real zeros. First we show that Gi(z) does not have positive zeros. Later, we study properties of the negative real zeros and we discuss the properties of the zeros of the derivative. For studying qualitative properties of the zeros, the relation 10.4.51 in [1] .
will be useful, together with well-known properties on the interlacing of zeros of functions:
Then, the zeros of f (x) and g(x) in I are simple. Furthermore, between two consecutive zeros of f (x) there is exactly one zero of g(x) (and vice-versa) .
As a consequence, if g(x) has no zeros in I then f (x) has at most one (simple) zero in I (and vice-versa).
From Lemma 1 we can check that
Lemma 2 Gi(x) is positive for x ≥ 0.
Proof. Bi(x) > 0 for x ≥ 0 (see [1] , for example the series expansion in 10.4.3) and then (Eq. (2.1)) W [Gi, Bi](x) > 0 for x ≥ 0. From Lemma 1, Gi(x) can have at most one (simple) positive real zero, but Gi(0) > 0 and Gi(x) > 0 for large positive x (Eq. (1.9)); therefore Gi(x) > 0 for x ≥ 0.
To consider negative values of z, we first remark that Bi(z) has an infinite number of negative zeros which we denote by {b n }.
Proof. From (1.5), and the fact that Hi(x) > 0 we have Bi(x) > Gi(x) for all real x. Lemma 4 Gi(x) has exactly one simple zero in (b 1 , 0).
Proof.
Gi(b 1 ) < 0 whereas Gi(0) > 0 (see (1.4)); then Gi(x) has at least one zero in (b 1 , 0). Furthermore Bi(x) > 0 and then W [Gi, Bi](x) < 0 in (b 1 , 0). Then, Lemma 1 implies that there is only one zero in this interval and that it is simple.
Between b 1 = −1.17371 and b 2 = −3.27109, the function Bi(x) is negative, and so Gi(x) is negative in that interval (Bi(x) > Gi(x)). More generally, we have that: The proof that all real or complex zeros of Gi(z) and Hi(z) are simple does not follow from the inhomogeneous differential equations (1.1) and (1.2). Recall that for functions defined by homogeneous linear differential equations of second order, as the Airy functions, such a proof is trivial. The essential difference between these two cases is that the existence and uniqueness theorem for solutions of a linear second order homogeneous ODE guarantees that the only solution having a double zero at a point x = x 0 is the trivial solution; contrary, for (1.1) and (1.2), there is always one solution with a double zero at x = x 0 and it is not a trivial solution.
Lemma 5 Gi(x) has no zeros in the intervals
We can see this explicitly:
Bi(t)dt, and β(z 0 ) = Ai(t)dt is numerically seen to be negative for negative x, which indicates that the negative real zeros of Gi(x) are simple because β(z 0 ) < 0 ∀z 0 < 0.
If there were any real double zero (which is not the case), it necessarily would be an extremum:
Lemma 7
The double real zeros of a real solution of ω − zω = ±1/π are necessarily local extrema of the function.
Proof. Let x 0 be a (double) zero of a solution ω(x). Then, using the differential equation, ω (x 0 ) = ±1/π.
Lemma 8 The number of simple zeros of
Proof. Given that Gi(x) is negative at the zeros of Bi(x) and that the double zeros, if any, are extrema of the function, we see that the number of simple zeros (if any) must be even. Let us show there can be no more than two simple zeros. We can prove that this holds for large negative zeros:
Proof. This follows from known asymptotic estimates. Bi (x) has negative zeros, denoted by b n . Then (see [1] , page 450),
is positive for large values of n, and Gi(x) has at least two zeros in the interval (b 2n+1 , b 2n ).
The fact that the real zeros of Gi(x) are simple is also supported by the fact that the zeros of Gi(x) and Gi seem to be interlaced, which can be easily proved for large x using the forthcoming asymptotic expansions.
Conjecture 3
The negative zeros of Gi(x) and Gi (x) are interlaced.
Assuming this conjecture to be true, together with the fact that, numerically, we observe that g 1 > g 1 where g 1 and g 1 are, respectively, the first negative zeros of Gi(x) and Gi (x), we see that:
Lemma 10 The negative zeros of Gi (x) are simple Proof. Differentiating the differential equation it is easy to see that the double zeros of Gi (x) can not be extrema of Gi(x): if x 0 is such that Gi (x 0 ) = Gi (x 0 ) = 0 then Gi (x 0 ) = x 0 Gi (x 0 )+Gi(x 0 ) = Gi(x 0 ) = 0 (because we assume that the zeros of Gi(x) and Gi (x) are interlaced). However, by this same assumption, between two zeros of Gi(x) there must be only one zero of Gi (x) which, clearly, must be a local extrema and therefore can not be a double zero of Gi (x).
We use an additional numerical fact to prove Lemma 12; also, the following result is used:
Proof. We use the differential equations and (1.5); with this:
Bi(t)dt < 0 for x > 0, W (x) has at most one positive zero.
Indeed, we observe that such zero exists x 0 1.0653592469.
Lemma 12
Gi (x) has exactly one positive real zero.
Proof. Indeed, Gi (0) > 0 (1.4) while (1.9) shows that Gi (x) < 0 for large positive x, which implies that there must be at least one positive zero of Gi (x). This, together with the fact that the double zeros of Gi are not extrema, implies that there must be an odd number of positive zeros. Let us assume for the moment that all the positive zeros of Gi (x) are simple; in this case, we show that there is only one positive zero.
Gi (x) can not have three or more simple positive zeros because, W [Hi , Gi ] has at most one positive zero (Lemma 11) and Hi (x) > 0. The possible zero of W [Hi , Gi ](x) can not coincide with any zero of Gi (x), because we are assuming by now that the zeros of Gi (x) are simple; thus, if Gi (x) had at least three zeros, at least two of them would lie in an interval where W [Hi , Gi ](x) does not change sign. This is in contradiction with the fact that Hi (x) > 0 (see Lemma 1) .
On the other hand, the only possible double zero of Gi (x) should coincide with the positive zero of W [Hi , Gi ](x). However, it is numerically observed that Gi (x 0 ) < 0 being x 0 the positive zero of
The numerical value of this isolated zero of Gi (x), is g = 0.60907541707.... For large ζ solutions occur when the cosine function is small. We put
The equation for ε reads
For small values of t this equation can be solved by substituting a power series ε = ε 1 t + ε 2 t 2 + . . . , and the coefficients can be obtained by standard methods. For example, ε 1 = c. By using the asymptotic expansions for Ha(z), P (ζ) and Q(ζ) a few extra technicalities are introduced. With the help of a computer algebra package the general coefficients ε s are easy to calculate. Finally we find for z = (3ζ/2) 2/3 , and for g n , the zeros of Gi(z), the expansion The expansion in (3.10) reduces to the expansion of the zeros b n of Bi(z) if we take c = 0.
The real zeros of Gi (z)
For the real zeros of Gi (z) we can use the same procedure. For this case we need
where ζ and c s are defined in (3.4). Using Gi (−z) = Bi (−z) − Hi (−z) we obtain the equation for determining the zeros:
Using z 9/4 = (3ζ/2) 3/2 , we see that the main part of this equation is obtained by neglecting the term with the function Ha(z), but we can proceed in the same manner as before. We put
and we can obtain for ε an expansion. Finally we obtain for g n , the zeros of Gi (z), the expansion
where
This expansion reduces to that of b n , the zeros of Bi (z) if we take c = 0.
The complex zeros of Gi(z)
Gi(z) and Gi (z) have infinite many complex zeros {χ n } just below the half line ph z = where (for c s see (3.4))
The equation for deriving the asymptotic expansion of χ n for large n then reads
We write
π, (4.5) and obtain for ε the equation
The next step is substituting a power series ε = ε 1 t + ε 2 t 2 + . . . , considering δ as a fixed parameter. A few straightforward manipulations give the expansion
and the first few coefficients are
(4.8)
The complex zeros of Gi (z)
For the complex zeros χ n of Gi (z) we use (cf. (1.7))
Gi
We need the expansion of Hi (−z) given in (3.12) and
Ai
where d s is given in (3.14). We put
and the equation for ε reads
The expansion for the zeros reads
(4.14)
5. The complex zeros of Hi(z) Hi(z) and Hi (z) have infinite many complex zeros {κ n } just above the half line ph z = The analysis is analogous to the case for Gi(z) and gives (4.6) with i replaced by −i, also in Aa(η), and c by c = 3 2 π. This gives for κ n , the zeros of Hi(z),
where η n is given in (4.5), δ = 
where η n is given in (4.11), δ = , and the first few γ k are given (4.14).
Numerical verifications and tables
Now we will illustrate the accuracy of the asymptotic approximations for the real and complex zeros of Gi(x), Gi (x) (except the positive zero of Gi (x)) and the complex zeros of Hi(x) and Hi (x). For the complex zeros, by complex conjugation, we only need to consider z > 0. We use the asymptotic approximations as starting values for a Newton method, obtaining convergence in all cases. The code [3] has been used for the calculations. The accuracy of the code is better than 10 −12 and we expect that the zeros can be computed with at least 12 exact digits. Table 1 shows the relative error of the asymptotic estimates. Table 1 . Relative error of the modulus of the zeros from the asymptotic estimations, compared with numerical computations. The notation is as in the text. The number of non-zero coefficients of the asymptotic expansions considered is as follows: for |g n | we take 2 coefficients for n = 1 and 6 coefficients for the rest of values of n; for |g n |, |χ n |, |χ n |, |κ n | and |κ n | we take the first 4 non zero coefficients. Table 2 . Asymptotic estimations of the first 10 negative real zeros of Gi(x) and Gi (x) versus their numerical value (12 digits). Between brackets, the number of the first non zero coefficients taken in the calculation of the asymptotic expansion is given.
Additionally, G (x) has a positive zero: g = 0.60907541707. Table 6 . Asymptotic estimations of the first 10 complex zeros of Hi (z) versus their numerical value (12 digits). The expansion is calculated using the first 4 coefficients.
In all cases, as could be expected, the asymptotic estimations are closer to the true value as larger zeros (in modulus) are considered. Furthermore, as commented, the asymptotic estimations can be used as starting values to compute accurately the zeros of Scorer functions. The only exception is the positive real zero of Gi (x), which can not be estimated via the asymptotic expansions for the zeros.
